非圧縮性ナビエ・ストークス方程式の適切な高次精度差分(計算流体力学に関わる数理的諸問題) by 森西, 洋平
Title非圧縮性ナビエ・ストークス方程式の適切な高次精度差分(計算流体力学に関わる数理的諸問題)
Author(s)森西, 洋平









. $(\mathrm{N}\mathrm{S}, \mathrm{N}\mathrm{a}.1^{r}\mathrm{i}\mathrm{e}\mathrm{r}- \mathrm{S}\mathrm{t}\circ \mathrm{k}\mathrm{e}\mathrm{s})$
( $\mathrm{D}\mathrm{N}\mathrm{S}$ , direct numerical simulation) $\mathrm{N}\mathrm{S}$ $\text{ }-$ . .






$[1, 2, 3, 4]\circ \mathrm{N}\mathrm{S}$
2
–
$\frac{\partial\phi}{\partial t}+Q1(\phi)+2Q(\emptyset)+\mathrm{s}Q(\phi)+\cdot$ . . $=0$ (1)
$kQ(\phi)$
$k.Q( \phi)=\nabla\cdot(^{k}.F(\phi))=\frac{\partial(^{k}F_{j}(\phi))}{\partial x_{j}}$ . (2)
$V$ (1)
$\frac{\partial}{\partial t}\iiint_{V}\phi d\mathrm{I}’\gamma=-\iint_{S}(^{1}F(\phi)+^{2}F(\phi)+^{3}F(\emptyset)+\cdots)\cdot dS$ (3)





974 1996 84-94 84
$\frac{\partial v_{i}}{\partial t}+(Conv.)i+(Pres.)_{i}+(ViSc.)_{i}=0$ , (5)
$(C’\sigma nt.)\text{ }$ $($Pres $.)_{i\text{ }}$ $(l^{\gamma}/iSc)_{i}$
$(c_{ont})\equiv-$$\partial x_{i}\partial v_{i}$ , $(Pres.)_{i} \equiv\frac{\partial p}{\partial x_{i}},$ $(Visc.)i \equiv\frac{\partial\tau_{ij}}{\partial x_{j}}$ .
$v_{i}(i=1,2,3)$ $P$ $\tau_{ij}$ $(c_{\sigma\Omega}t..)=0$
$(Pres.)_{i}$ $(Visc.)_{i}$
$(C\alpha \mathrm{z}v.)_{i}$ $\mathrm{N}\mathrm{S}$ $(Div.)_{i}$ $(Ad.v.)_{i}\text{ }$
$(Skew.)_{i}$ $(Rot.)_{i}$
$(Div.)_{i} \equiv\frac{\partial v_{j}v_{i}}{\partial x_{j}}$ (6)
$(Adv.)_{i} \equiv v_{J}\frac{\partial v_{i}}{\partial x_{j}}$ (7)
$(Skew.)_{i} \equiv\frac{1}{2}\frac{\partial v_{j}v_{i}}{\partial x_{j}}+\frac{1}{2}v_{y}\frac{\partial v_{i}}{\partial x_{j}}$ (8)
$(Rot.)_{i} \equiv v_{j}(\frac{\partial v_{i}}{\partial x_{j}}-\frac{\partial v_{j}}{\partial x_{i}})+\frac{1}{2}\frac{\partial v_{j}v_{j}}{\partial x_{i}}$ (9)




$(Skew.)_{i}$ $=$ $(Div.)_{i}- \frac{1}{2}vi$ . $(C’\sigma nt.)$
$=$ $( \mathcal{A}dv.)_{i}+\frac{1}{2}v_{i}\cdot(c_{on},t.)$ (13)
4 $(D|,v.)_{i}$
(Cont) $=0$
$v_{1^{2}}/2$ $\mathrm{N}\mathrm{S}$ (5) $i=1$ $v_{1}$
$\frac{\partial v_{1^{2}}/2}{\partial t}+v_{1}\cdot(c_{on}v.)_{1}+?l_{1}\cdot(Pres.)_{1}+v_{1}\cdot$ (I $ri,sC.$ ) $1=0$ (14)
$v_{1}\cdot(c_{\circ n}\eta).)_{1}$
$v_{1} \cdot(Div.)_{1}=\frac{\partial v_{j}v_{1^{2}}/\underline{9}}{\partial_{J_{j}}}.\cdot.+\frac{1}{2}v_{1^{2}}\cdot$ ( $c_{?}$ont.) (15)
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$v_{1} \cdot(Adv.)_{1}=\frac{\partial v_{j}v_{1}^{2}/2}{\partial x_{j}}.-\frac{1}{2}v_{1}^{2}\cdot(cont.)$ (16)
$v_{1} \cdot(Skeu).)_{1}=\frac{\partial v_{j}v_{1}^{2}/2}{\partial x_{j}}$ (17)
4 $(Skew.)_{i}$
(Cont) $=0$
$\partial pv_{1}$ $\partial v_{1}$
-.
$/\mathrm{n}_{----}\backslash$
$v_{1} \cdot(Pres.)_{1}=\frac{\vee p^{J}\cdot 1}{\partial x_{1}}-p.\frac{1}{\partial x_{1}}$
.
(18)
$v_{1} \cdot(Vi_{S}c.)1=\frac{\partial\tau 1jv1}{\partial x_{j}}-\tau_{1j^{\frac{\partial v_{1}}{\partial x_{j}}}}$ (19)
2 $v_{2^{2}}/\underline{9}$ $v_{3^{2}/\underline{9}}$
$v_{1^{2}}/2$
$\mathrm{N}\mathrm{S}$ (5) $i$ $v_{i}$ $h’(\equiv v_{i}v_{i}/2)$






$v_{i} \cdot(Pres.)_{i}=\frac{\backslash \prime \mathrm{r}^{\prime\vee}l}{\partial x_{i}}-p\cdot(C\text{ }ont.)$ (21)
$v_{i} \cdot(Vi_{S}c.)i=\frac{\partial_{\mathcal{T}_{ij}v_{i}}}{\partial x_{j}}-\tau_{i_{J}}\frac{\partial v_{i}}{\partial x_{j}}$ (22)
(Conf) $=0$
(22) 2
1. $v_{i},$ $v_{1}^{2}/\underline{9}$ $K$







$\partial(ab)$ $\partial b,$ . $\partial a$ $,–\backslash$






















$\overline{\phi\psi}x_{1}|_{x_{1},x_{2}.x_{3}}..\equiv$ $\frac{1}{2}\phi(x_{1}+nh_{1}./\underline{9}, x_{2}, X_{3}.)\uparrow^{/},’(x_{1}-nh.1/2, x_{2}, x_{3}.)$
$+ \frac{1}{2}\psi(x_{1}+nh_{1}./\underline{9}, x_{2}, x_{3})\phi(x_{1^{-n}}.h_{1}./\underline{9}, x_{2}, x_{3})$ (26)
(25) (26) $h_{1}$
2
$\frac{\delta_{tl}\phi}{\delta_{?l}g_{1}^{*}}..\simeq\frac{\partial\phi}{\partial x_{1}}+\frac{n^{2}}{24}\frac{\theta^{3}\phi}{\partial a_{1^{3}}}.\cdot\cdot h_{1}.2+\frac{n^{4}}{19^{\underline{9}}0}\frac{\partial^{5}\phi}{\partial \mathrm{z}_{1^{5}}}..h_{1}.4+$
$\cdot$ . . (27)
$\overline{\phi}^{nx_{1}}\simeq\phi+\frac{n^{2}}{8}\frac{\partial^{2}\phi}{\partial\alpha_{1^{2}}}..h_{1^{2}}.+\frac{n^{4}}{38- 4}\frac{\partial^{4}\phi}{\partial \mathrm{z}_{1^{4}}}..h1-\}-4$ . . . (28)
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$\Delta V=h_{1}h_{2}.h.3$ ( )
4










(Cont. $-S4$) $\equiv\frac{9}{8}\frac{\delta_{1}U_{i}}{\delta_{1}x_{i}}-\frac{1}{8}\frac{\delta_{3}U_{i}}{\delta_{3}x_{i}}=0$, (35)
$($Pres. $-S4)_{i} \equiv\frac{9}{8}\frac{\delta_{1}p}{\delta_{1}x_{i}}-\frac{1}{8}\frac{\delta_{3}p}{\delta_{3}x_{i}}$ . (36)




$\sum_{x_{1}}\sum_{x_{2}}\sum_{x3}Ui.((Pres. -S2)_{i}=\sum_{x1}\sum_{2x}\sum x_{3}\overline{U_{i}\frac{\delta_{1}p}{\delta_{1}x_{i}}.}1x_{i}$ (37)
$\sum_{x_{1}}\sum_{x_{2}}\sum_{x_{3}}U_{i}$










(40) (36) $i$ $U_{i}$ 4
$\ovalbox{\tt\small REJECT}_{1}^{\mathrm{J}^{\mathrm{j}^{\text{ }}}}U_{i}\mathrm{x}\mathrm{o}^{K}\cross 0^{2}\text{ _{}U}\not\in\tau j\mathrm{f}_{1X}2/\Pi 4$
2. ${ }$ 02 (con.t. $-s2$) $=0$
$\mathrm{O},\downarrow$ $(C\sigma nt$ . $-S\cdot \mathrm{t})=0$ $\cross$
.
2 1 2







2 ($Div$ .-S2), $(Adv.-^{s}2)_{i}$ (Skcw. -
$S2)_{i}$
$(Div$ . $-S2)_{i} \equiv\frac{\delta_{1}\overline{U_{j}}^{1x_{i}1x_{j}}\overline{cT_{i}}}{\delta_{1}x_{j}}$ (41)
$(Adv$ . $-^{s}2)_{i}\equiv\overline{\overline{U_{j}}^{1}i\frac{\delta_{1}U_{i}}{\delta_{1}x_{j}}x}1xj$ (42)
$($Sk.cu:. $-S2)_{i} \equiv\frac{1}{2}(D\uparrow,v$ . $-S2)_{i}+ \frac{1}{2}(Adv$ . $-S\underline{9})_{i}$ (43)
(41) $[5]\text{ }$ $(\mathrm{L}4\underline{9})$ [6]
(43) Piacsek&Williams $[\overline{/}]$
–
$(\mathit{1}4dv$ . $-s2)_{i}.=(Div-S2)i-U_{i}\cdot\overline{((CC\prime ont.-s\underline{9})}^{1}x\dot$ (44)
(44) (10) (Cont. -
$S2)=0$ $(Div$ . $-S2)i\text{ }(Adv$ . $-S2)_{i}$ $($Skeu’. $-S2)_{i}$
$(Div.-S2)_{i}$ $($Skew. $-S2)_{1}$ $U_{1}$
$U_{1}$ . $($Skew. $-S2)_{1}= \frac{\delta_{1}U_{j}^{1\ovalbox{\tt\small REJECT}}1U_{1}U1/\wedge-/2}{\delta_{1}x_{j}}$. (45)
$($Skew. $-S2)_{i}$
$\ovalbox{\tt\small REJECT}_{0}^{U_{i}}0\mathrm{O}\mathrm{O}\text{ }\backslash \iota_{\overline{U}}\neq\backslash :_{2}\mathrm{o}\mathrm{o}1F\mathrm{r}_{\mathrm{z}}x/2K$








(41) $\sim(\sim 4.3)$ 2 4
$(Div$ . $-s4A)_{i} \equiv\frac{9}{8}\frac{\delta_{1}\overline{[.j^{\tau}}\overline{U}ji1x_{i}1x_{j}}{\delta_{1}x_{j}}-\frac{1}{8}\frac{\delta_{3}\overline{U_{j}}^{3x}i\overline{[/_{i}^{r}}\mathrm{s}x_{j}}{\delta_{3}x_{j}}$
.
(46)
$(Adv$ . $-s4A)_{i} \equiv\frac{9}{8}\overline{\overline{cr_{j}}.\frac{\delta_{1}U_{i}}{\delta_{1}x_{j}}}-\frac{1}{8}\overline{U_{j}}^{\mathrm{s}x}1x_{?}.1xj3x\overline{i_{\frac{\delta_{3}U_{i}}{\delta_{3}x_{j}}}}j$ $(4\overline{\prime})$
(Skeu’. $-s4A$) $i \equiv\frac{1}{2}(Di,v$ . $-S4A)i+ \frac{1}{2}(Adv$ . $-S4A)_{i}$ (48)
(46) $(Di,v.- S_{0}4\Lambda)_{i}$ A-Domis [8] LES
$($ Sk.ew. $-s4A)_{1}$ $U_{1}$





$(Adv$ . $-s4,4)_{i}=(Div$ . $-s4 \Lambda)_{i}-U_{i}\cdot(\frac{9}{8}\frac{\delta_{1}U_{j}}{\delta_{1}x_{j}}."$
.
$- \frac{1}{8}\frac{\delta_{3}U_{j}}{\delta_{3}x_{j}}\bigcup_{2}")$ (50)
(35) (50) 2 $0$
$(Div$ . $-s4A)_{i}$ $(Adv$ . $-s4A)_{i}$ (50) 2
$0$





$(^{\frac{9}{8}\overline{\frac{\delta_{1}U_{j}}{\delta_{1}x_{j}}}-\frac{1}{8}}1x_{i}\overline{\frac{\delta_{3}U_{j}}{\delta_{3}x_{j}}.}3x;\mathrm{I}-(C!ont$. $-S4)\backslash \downarrow=O(h^{4})$ (51)
$h$ 4
$\ovalbox{\tt\small REJECT}_{}^{\grave{\mathrm{l}}_{\frac{\neq^{\text{ }}{CT}}:_{\triangle}}}L_{i}\triangle\triangle\triangle\triangle \text{ }F1^{2}/2K\mathrm{p}_{\yen}x\triangle$
4. A-Domis 4 ${ }$ $\triangle$








(46) $\sim(48)$ 4 $(A1)\sim(43)$ 4
4
$(Div$ . $-S4K)i\equiv$ $\frac{9}{8}\frac{\delta_{1}}{\delta_{1}x_{j}}[(\frac{9}{8}\overline{[\int_{j}}-1x_{i}\frac{1}{8}\overline{U_{j)}}^{3x_{i}}(\frac{9}{8}\overline{U_{i}}^{1x_{j}}.-\frac{1}{8}\overline{U_{i)}}^{3x,j}]$
$- \frac{1}{8}\frac{\delta_{3}}{\delta_{3}x_{j}}[(\frac{9}{8}\overline{U_{j}}^{1}xi-\frac{1}{8}\overline{U_{j)}}3x_{i}(\frac{9}{8}\overline{U_{i}}j-\frac{1}{8}1x3\overline{Ui})xj]$ (52)
$(Adv$ . $-S4K).i\equiv$ $\frac{9}{8}\overline{(\frac{9}{8}\overline{U_{j}}^{1}-\frac{1}{8}\overline{U_{j)}}x_{i}3x\dot{.}(\frac{9}{8}\frac{\delta_{1}I^{\gamma_{i}}}{\delta_{1}x_{j}}-\frac{1}{8}\frac{\delta_{3}U_{i}}{\delta_{3}x_{j}}.)}^{1x_{j}}$
$- \frac{1}{8}\overline{(\frac{9}{8}\overline{o_{j}^{\tau}}i-\frac{1}{8}\overline{U_{j}}1x3x_{i})(\frac{9}{8}\frac{\delta_{1}U_{i}}{\delta_{1}x_{j}}-\frac{1}{8}\frac{\delta_{3}U_{i}}{\delta_{3}x_{j}})}^{3x_{j}}$ (5.3)
$($Skew. $-S4K)_{i} \equiv\frac{1}{2}(Div$. $-s4K)_{i}+ \frac{1}{2}(Adv$ . $-s4K)_{i}$ (54)
(53) (42) 4 $\text{ _{ } }[6]$





$(Div$ . $-s\cdot 4)i\equiv$ $\frac{9}{8}\frac{\delta_{1}}{\delta_{1}x_{j}}.[(^{\mathrm{t}}\frac{9}{8}\overline{U^{1}j}.-\frac{1}{8}\overline{\mathfrak{c}\gamma_{j}}.)x_{i}3x_{t}\overline{U_{i}}^{1x_{j}}.]$
$- \frac{1}{8}\frac{\delta_{3}}{\delta_{3}x_{j}}.[(^{\frac{9}{8}\overline{U_{j}}^{1x}}.\dot{.}-\frac{1}{8}\overline{U^{3}j}.\cdot)x.\overline{\{\prime_{i}_{/}^{\prime\backslash }}3x.j]$ (55)
$(Adv$ . $-s4)i\equiv$ $\frac{9}{8}\overline{(\frac{9}{8}\overline{U_{j}}^{1x_{i}}-\frac{1}{8}\overline{Uj}3xi)\frac{\delta_{1}If_{i}}{\delta_{1}x_{j}}..}\iota x_{j}$
.
$- \frac{1}{8}\overline{(\frac{9}{8}\overline{\mathfrak{c}r_{j}}^{1}-\frac{1}{8}\overline{l}x_{i}[_{j}\backslash 3x_{i}.)^{\frac{\delta_{\mathrm{c}},l_{-\cdot.i}\prime\ulcorner}{\delta_{3}x_{j}}}.}\backslash 3xj$ (56)
$($Sk.ew. $-S4)_{i} \equiv\frac{1}{2}(Di,v$ . $-S4)_{i}+ \frac{1}{2}(\Lambda dv$ . $-S4)_{i}$ (57)
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(55) $($ skew. $-S4)_{1}$ $\mathfrak{c}\Gamma_{1}$
$U_{1}$ . $($Skew. $-S4)_{1}=$ $\frac{9}{8}\frac{\delta_{1}}{\delta_{1}x_{j}}\lfloor(\frac{9}{8}\overline{U_{j}}^{1x_{1}}-\frac{1}{8}\overline{U_{j}})3x_{1}\frac{U_{1}U_{1}}{2}\rfloor- \mathrm{c}j$
$- \frac{1}{8}\frac{\delta_{3}}{\delta_{3}x_{j}}\lceil(\frac{9}{8}\overline{U_{j}}^{1x1}-\frac{1}{8}\overline{U_{j)}}3x_{1}\frac{\overline{U_{1}U}_{1}}{2}\rceil 3x_{g}$ (58)
$($Skewe. $-S4)_{i}$ ( $Div$.-
$S4)_{i}$ $(Adv$ . $-S4)_{i}$
$(Adv$ . $-S4)i=(Div$. $-s4)i-U_{i}\cdot[^{\frac{9}{8}\overline{(c_{\text{ }}}}ont$. $-s4)^{1}i- \frac{1}{8}\overline{(c_{on}t.-S4)}1x3x_{i}$ (59)
(59) (10) 4
4 (Cont. $-s4$)$=0\mathfrak{l}$ $($ .Div. $-s4)_{i}\text{ }(Adv.-^{s4)}:.i$
$($Skew. $-S4)_{i}$
5. 4 B ${ }$
:




(Corrt . $-S6$) $\equiv\frac{150}{128}\frac{\delta_{1}U_{i}}{\delta_{1}x_{i}}-\frac{\underline{9}5}{1^{\underline{9}}8}\frac{\delta_{3}U_{i}}{\delta_{3}x_{i}}-\vdash\frac{3}{1\underline{9}8}\frac{\delta_{\mathrm{o}}r[\gamma_{i}}{\delta_{5}x_{i}}.=0$ (60)
$($ Pres. $-S6)_{i} \equiv\frac{150}{1\underline{9}8}\frac{\delta_{1}p}{\delta_{1^{J^{*}}i}}-\frac{25}{128}\frac{\delta_{3}p}{\delta_{3}\alpha_{i}}.+\frac{3}{128}\frac{\delta_{\mathrm{L}}r_{)}p}{\delta_{5}T_{i},1}$ (61)
$(C\sigma nt..-^{s}6)-\cdot=.0$ 6
$(Div$ . $-s6)i\equiv$ $\frac{1_{\mathrm{t}}50}{1^{\underline{9}}8}\frac{\delta_{1}}{\delta_{1}x_{j}}.[(\frac{150}{1^{\underline{9}}8}\overline{U_{j}}^{1x}i-\frac{25}{128}\overline{U_{j}^{arrow 3x_{i}}}+\frac{3}{1\underline{9}8}\overline{U_{j)}}5x_{i}\overline{U_{i}}^{1x_{j}}]$
$- \frac{\underline{9}5}{128}\frac{\delta_{3}}{\delta_{3}x_{j}}[(^{\frac{150}{1\underline{9}8}\overline{U_{j}}}1x_{i}3x?.\frac{3}{1\underline{i^{)}}8}-\frac{25}{128}\overline{U_{j}}+\overline{Uj}5x_{?}.)\overline{U_{i}}^{3x_{\mathrm{j}}}]$
$\dashv-\frac{3}{1\underline{9}8}\frac{\delta_{5}}{\delta_{5}x_{j}}[$ ( $\frac{150}{]\underline{9}8}\overline{[_{J}^{r}j}-\frac{25}{128}\mathrm{l}x_{i}\overline{U_{j}}$ $+ \frac{3}{1\underline{9}8}.\overline{U_{j}}^{5x_{i}}\backslash \cdot$ ) $\overline{U_{i^{\backslash }}}^{5x_{j}}.]$ (62)
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$(Adv$ . $-s6)i\equiv$ $\frac{1_{\mathrm{J}}^{\zeta}0}{1\underline{9}8},\overline{(^{\frac{150}{128}\overline{L/_{j}^{r}}\overline{U_{j}}+\frac{3}{1^{\underline{9}}8}\overline{U_{j}}}1xi-\frac{25}{1^{\underline{9}}8}\mathrm{s}xi.5xi)\frac{\delta_{1}U_{i}}{\delta_{1}\tau_{j}}.}1x_{j}$
$- \frac{25}{128}\overline{(\frac{150}{1^{\underline{q}}8}\overline{U_{j}}^{1}l-x\frac{25}{128}\overline{Uj}+\frac{3}{128}3x_{i}5\overline{[I}.)jx;\frac{\delta_{3}U_{i}}{\delta_{3}x_{j}}.}3xj$
$+ \frac{3}{1\underline{9}8}\overline{(^{\frac{150}{1\underline{9}8}\overline{L}\frac{25}{128}}\Gamma_{j}i-\overline{Uj}\iota_{x}3xi+\frac{3}{1^{\underline{9}}8}.\overline{L\prime_{j}}.)^{\frac{\delta_{5^{[\gamma_{i}}}}{\delta_{5}\tau_{j}\mathrm{t}}}\prime 5x_{i}.}5x.j$ (6.3)
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